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Introduction

F UEL-JET penetrationis especiallyimportant in regardsto com-
bustordesignand in understandingthe physicsof liquid-jetdis-

integration.Thomas and Schetz1 researchedabout the spray charac-
teristicsof a liquid jet traversingsupersonicairstreams.They studied
liquid-jet penetrations,mean droplet diameter pro� les, and droplet
mass-� ux pro� les. Inamuraand coworkers2,3 and Oda et al.4 studied
jet penetration, jet width, and the spray characteristics in subsonic
airstreams.Tsau et al.5 numericallyanalyzedthebehaviorof a liquid
jet that had been transversely injected into subsonic airstreams.Wu
et al.6 deduced the semi-empiricalequation of liquid-jetpenetration
traversingsubsonicairstreams.They estimated the drag coef� cients
of a liquid jet by using jet-penetrationmeasurements.

There has been a great deal of research on the trajectories of
liquid-jet traversingsupersonicairstreams.However, there has been
little done on the theoretical analysis of the trajectory of a liquid
jet traversing subsonic airstreams. The objective of this paper is to
semitheoreticallydeduce a simpli� ed equation for the trajectory of
a liquid jet traversing subsonic airstreams, which is useful for the
easy design of a combustor.

Theoretical Analysis
The penetration of fuel with normal injection into an airstream

can be divided into two stages. The � rst is the penetration of the
liquid jet before its disintegration, and the second one is that of
the spray plume after liquid-jet disintegration.This paper is limited
to the trajectory of a liquid jet before its disintegrationbecause this
topic is very important in regards to understandingthe disintegration
process and characterizing the resulting atomization.

This analysis of liquid-jet deformation is based on Clark’s
model.7,8 The assumption is made that the cross section of a liq-
uid jet is deformed from a circular shape at the nozzle exit to an
ellipsoidal shape by the dynamic airstream pressure. The sectional
area of a liquid jet is constant along its trajectory.The assumption is
also made that the effects of the disturbance wave on the liquid-jet
surface on the trajectory are negligible.

Figure 1 shows the geometry of the cross section of a liquid
jet. The motion of the center of mass of the half-liquid jet with
unit thickness along the jet axis can be expressed by the following
equation:
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where r0 , q j , and w indicate the radius of the initial liquid jet at
the nozzle exit, the density of a liquid jet, and the distance from the
center axis of a liquid jet to the center of mass of the half-liquid jet,
which has an ellipsoidal cross section with major semiaxis a and
minor semiaxis b and unit thickness along the jet axis, respectively.
Fv , Fs , and Fp indicate the viscous force, the surface tension force,
and the external force because of the airstream, respectively.

If we substitute w = w0 + r0w 0 where w0 is the w of the unde-
formed initial liquid jet, Eq. (1) becomes
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Fig. 1 Geometry of cross section of liquid jet.

The viscous force can be expressed by the following equation7:

Fv = ¡
9
8

p 3 l j r0
dw 0

dt
(3)

where l j indicatesthe viscosityof the liquid jet.The surface tension
force can be expressed by the following equation7:

Fs = ¡ 9
8
p 3 r w 0 (4)

where r indicatesthe surface tensionof the liquid jet. Assumingthat
the deformationof the liquid jet is small, the external force because
of the airstream can be estimated as follows7:

Fp = r0 q av2
r ¼ r0 q av2

a (5)

where q a and vr indicate the density of the air and the relative
velocity, respectively, between the airstream and the liquid jet, the
value approximately equals the air velocity va .

Substituting Eqs. (3), (4), and (5) into Eq. (2) and dropping the
primes of w , the differential equation for the center of mass of the
half-liquid jet with unit thickness can be obtained as follows:
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Next, taking the equilibrium of a liquid jet with unit thickness in
the airstream direction into account gives the following equation:
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where x and cD indicate the coordinate in the direction of the
airstream and the drag coef� cient of the liquid jet, respectively.
The assumption that the deformation of the liquid jet is small gives
the following equation:

cD ¼ 1.0 (8)

Substituting Eq. (8) into Eq. (7) gives the following equation:
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The assumption that the sectional area of a liquid jet is constant
along its trajectory gives the following equations:

ab = r 2
0 (10)
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where y is the coordinate in the direction of the liquid injection,
which is perpendicular to that of the airstream, and v j indicates the
injection velocity of the liquid jet.

Because w and w0 indicate the distance from the center axis to
the center of mass of the half-liquid jet, which has an ellipsoidal
cross section with major semiaxis a and minor semiaxis b and unit
thickness, and that of a half cylinder, which has a circular cross
section with radius r0 and unit thickness, respectively,the following
equations can be obtained:

w = 4a / 3p (12)

w0 = 4r0 / 3p (13)

Because Eqs. (9) and (11) give the trajectory of the liquid jet
axis, the following coordinate transformationsare needed to obtain
liquid-jet penetration:

X = x + r0 ¡ b = x + r0 ¡ r 2
0 / a (14)

Y = y (15)

where X and Y are the coordinatesof the liquid-jetpenetration.The
origin of this coordinate system is set on the upstream side of the
liquid nozzle exit.

Results and Discussion
Equations (6), (9), (11), and (12) were solved numerically and

simultaneously by using the Runge–Kutta method. The liquid-jet
penetrationswere obtainedby using the coordinate transformations
from Eqs. (14) and (15).

The penetration depths of the liquid jet traversing subsonic
airstreams, however, were experimentally measured. The experi-
mental apparatus and air� ow structure near the liquid nozzle exit
are described in detail in a previous paper.3 Variations in the mean
air velocityin the crosssectionof the wind tunnelare less than 4% of
the maximum mean velocity.Boundary-layerthicknessis estimated
to be around 2 mm at the exit of the liquid nozzle. The penetrations
were measuredby using two backlightedinstantaneousphotographs
that had been magni� ed 10 times. Where the surface of the liquid
jet was wavy, the midpoint between the crest and the trough of the
surface wave was measured as the penetration. The uncertainty in
penetrationmeasurementswas estimated to be less than 20 l m. The
repeatabilityof the liquid-jetinjectionis relativelyreliableas shown
in Figs. 2.

Figures 2 shows the comparisonsof the liquid-jet penetrationbe-
tween the measurements, the present calculations,and the proposed
empirical equations.2,6 The liquid jets whose penetrationsare com-
paredwith calculationsin the � gures mean liquid column according
to the cited references.The valueq in this � gure indicatesthe liquid-
to-air momentum ratio, which equals q j v2

j / q av2
a . At Va = 53.0 m/s

these calculations were almost the same as the measurements. Un-
der low air velocitycondition(Va =30.0 m/s) the precedingcalcula-
tions overestimatedthe penetrationsfor the whole range of X / (2r0).
Under high air velocity condition(Va = 75.0 m/s), however, the cal-
culations underestimated them. These discrepancies appear to be
caused by the estimation of the drag coef� cient. In this paper the
drag coef� cient of the liquid jet was assumed to be constant as is
shown in Eq. (8). However, the drag coef� cient of a cylinder is a
function of the Reynolds number. From the comparisons between
the calculationsand the measurements, the drag coef� cient was es-
timated to be larger than 1.0 under low air velocity conditions and
smaller than 1.0 under high air velocity conditions.

The empirical equations showed larger penetrations than the cal-
culationsand the measurementsin this paper, which seems to be be-
causeof thedifferencein air� owstructurenear the liquidnozzleexit.
In addition, the proposed equations covered the whole area by only
one equation, and the penetration in the vicinity of the nozzle exit
appeared to be not very important in regards to combustor design.
This implies that the discrepanciesbetween the empirical equation,
and the measurementbecome larger in the vicinityof the nozzleexit.

Because the presentcalculationincludes severalassumptions,the
application is limited to the case where no large deformation of a
liquid jet takes place, and no droplet is shed from the jet surface

a) Va = 30.0 m/s, Vj = 3.1 m/s

b) Va = 53.0 m/s, Vj = 5.5 m/s

c) Va = 75.0 m/s, Vj = 7.8 m/s

Fig. 2 Comparisons of liquid-jet penetration.

in the region under consideration, that is, the low-speed airstream
condition.

Conclusions
The penetrationof a liquid jet traversing subsonicairstreams was

semitheoreticallyobtained and compared with jet-penetrationmea-
surements.The calculatedpenetrationswere almost the same as the
measurements that were taken when the air velocity was equal to
53.0 m/s. The present calculationsoverestimatedthe penetrationsin
the case of smaller air velocity and underestimatedthem in the case
of larger air velocity. Further research about the drag coef� cients
of liquid jets should be performed to predict more accurately their
trajectories.
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Nomenclature
E = kinetic energy
e = elementary unit of charge
Ick = cathode keeper current
Ih = cathode heater current
m = particle mass
n = ion charge number
Vck = cathode keeper voltage, referenced to the grounded

cathode

Introduction

X ENON hollow cathodes can produce single-point failures in a
numberof electric thrustersand are an important factorregard-

ing erosion of the screen grid and other components in ion engines.
During operation at the high-emission current required for high-
power ion propulsion systems, the ori� ce and any components in
the plume erode rapidly.1 Ions of suf� cient energy to cause signi� -
cant erosion have been observed in plume experiments.2 ¡ 4

Past measurementsof the ion kinetic energy distributionin the far
� eld havebeen performedwith a retardingpotential analyzer(RPA)
or an energy analyzer.2 ¡ 4 The results revealed that a very broad en-
ergy distributionexists in the high-currentregime. The data indicate
that ions are abundantly formed with energies as much as several
times higher than eVck . Unfortunately,RPA and energy analyzerde-

Presented as Paper 99-0454 at the AIAA 37th Aerospace Sciences Meet-
ing, Reno, NV, 11–14 January 1999; received 12 April 1999; revision re-
ceived 26 May 1999; accepted for publication 15 July 1999. Copyright c°
1999 by the American Institute of Aeronautics and Astronautics, Inc. All
rights reserved.

¤ Research Scientist, M5-754, P.O. Box 92957, Technology Operations,
Mechanics and Propulsion Department, Los Angeles, CA 90009-2957.
Member AIAA.

vices do not distinguishbetween xenon ions having different charge
states but the same value of E / ne.

The mechanism by which the high-energy ions arise is not estab-
lished,but two principalhypotheseshavebeenput forward.One the-
oreticalexplanationthat has been offered invokes the formationof a
potential hill a few millimeters downstream from the ori� ce.3,5 Al-
though consistentwith the data, no clear understandinghas emerged
of the means by which a hill of suf� cient height could be formed.
An alternative mechanism has been postulated whereby the cur-
rent density at the ori� ce (on the order of 104 A cm ¡ 2 ) results in
ion acceleration via a magnetohydrodynamiceffect.2 The possible
presence of abundant multiply charged ions and their role in pro-
ducing energetic singly charged species has not been considered in
either case.

Spatially resolved experimental measurements of electric po-
tential and the ion velocities near the hollow cathode ori� ce are
needed to fully resolve the mechanistic issue. In the present study, a
quadrupolemass spectrometerprovideda simple means of monitor-
ing ions according to m / ne and easily resolved the charge states of
xenon. Under special circumstances, the same experimental setup
was able to detect barium atoms in the plume. The technique is suit-
able for monitoring cathode ef� uents during conditioning, startup,
and normal operation.

Experimental
The hollowcathodewas installedin a 75-cm-diamvacuumcham-

ber, pumped by a 1000 l/s (on nitrogen) turbomolecular pump and
a 12,500/ 4,500/ » 1,000 l/s (hydrogen/water/xenon) TMP150 cry-
opump (CVI) mounted on a 10-in. Con� at® � ange.6 The cryopump
could be readily isolated from the chamber by an 8-in. electrop-
neumatic gate valve. The base pressure with no xenon � ow was
6 £ 10 ¡ 8 torr. Under the � xed xenon � ow rate of 0.105 mg/s, the
backgroundpressure indicated by an ion gauge positioned far from
the cryopump was about 1.5 £ 10 ¡ 5 torr, after applying a standard
sensitivity correction for xenon.

The T5 xenon hollow cathodewas installed in a � xed orientation,
with a quadrupolemass spectrometer (QMS) monitoring the plume
centerline through a beam skimmer. The grounded skimmer with
5-mm aperture was mounted 17 cm downstream from the cathode
ori� ce. The entrance of an SRS200 QMS for residual gas analysis
was about 22 cm farther downstream, aligned with the hollow cath-
ode ori� ce and beam skimmer. A simple modi� cation of the QMS
electronics allowed operation with the ionizer turned on or off.

The hollowcathodecontainedan impregnatedtungstendispenser,
1.0-mm i.d. £ 2.8-mm o.d. £ 11 mm, that acts as a chemical factory
to release barium to the surface at an appropriaterate to achieve low
work function and long life. The ori� ce, machined out of solid tan-
talum, was 0.2 mm in diameter £ 1.0 mm long, with a downstream
full-angle chamfer of 90 deg. A keeper electrode with 3-mm-diam
aperture was positioned just downstream in an enclosed con� g-
uration. The hollow cathode had not been operated prior to this
study.

Results and Discussion
The mass spectrum of Fig. 1 was obtained with the ionizing � l-

ament on. It shows the predominance of xenon as expected, with
various trace impurities also present in the background environ-
ment. The scan was taken with Ick set at 1.0 A and Ih =1.5 A.
Because the QMS ionizes neutrals but its electron energy was set
to just 25 eV, ions and neutrals from the cathode and the chamber
backgroundboth contribute to the spectrum of Fig. 1. Although the
scan started at m /e =1, the signal there is dominated, due to � nite
resolution,by the intrinsic characteristicthat all ions are transmitted
at m / e = 0. A peak correspondingto m /e =138, the most abundant
isotope of singly ionized barium, is apparent in Fig. 1. Except at a
very high cathode temperature, barium could not be observed. The
largestpeak was obtainedafter cathode ignition,before reducing Ih .
Ba was also observable under the conditions Vck =0, Ick =0, and
Ih ¸ 2.3 A. BaO was not detected. Barium detection would be en-
hanced by running the ionizing � lament at lower energy than the
25-eV limit of this instrument, with high detector gain.


